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1 Introduction

In applications there are usually several models for describing a population from
a given sample of observations and one is thus confronted with the problem of
model selection. For example, different distributions can be fitted to a given
sample of univariate observations; in polynomial regression one has to decide
which degree of the polynomial to use; in multivariate regression one has to
select which covariates to include in the model; in fitting an autoregressive
model to a stationary time series one must choose which order to use.

When the models under consideration is nested, as is the case in polynomial
regression, the fit of the model to the sample improves as the complexity of the
model (e.g. the number of parameters) increases but, at some stage, its fit to the
population deteriorates. That is because the model increasingly moulds itself to
the features of the sample rather than to the ‘true model’, namely the one that
characterises the population. The same tendency occurs even if the models are
not nested; increasing the complexity eventually leads to deterioration. Thus
model selection needs to take both goodness of the fit and the complexity of the
competing models into account.

Reference books on model selection include Linhart and Zucchini (1986),
Burnham and Anderson (2002), Miller (2002), Claeskens and Hjort (2008). An
introductory article is Zucchini (2000).

2 Information criteria – frequentist approach

The set of models considered for selection can be thought of as approximating
models which, in general, will differ from the true model. The answer to the
question ‘Which approximation is best?’ depends, of course, on how we decide
to measure the quality of the fit. Using the Kullback-Leibler distance for this
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leads to the popular Akaike Information Criterion (AIC, Akaike, 1973):

AIC(M) = 2 log(L(θ̂))− 2p ,

whereM is the model, L the likelihood, and θ̂ the maximum likelihood estimator
of the vector of the model’s p parameters. The first term of the AIC measures
the fit of the model to the observed sample; the fit improves as the number of
parameters in the model is increased. But improving the fit of the model to
the sample does not necessarily improve its fit to the population. The second
term is a penalty term that compensates for the complexity of the model. One
selects the model that maximizes the AIC. Note, however, that in much of the
literature the AIC is defined as minus the above expression, in which case one
selects the model that minimizes it.

A model selection criterion is a formula that allows one to compare models.
As is the case with the AIC, such criteria generally comprise two components:
one that quantifies the fit to the data, and one that penalizes complexity. Exam-
ples include Mallows’ Cp criterion for use in linear regression models, Takeuchi’s
model-robust information criterion TIC, and refinements of the AIC such as the
‘corrected AIC’ for selection in linear regression and autoregressive time series
models, the network information criterion NIC, which is a version of AIC that
can be applied to model selection in neural networks, and the generalized infor-
mation criterion GIC for use with influence functions. Several of these criteria
have versions that are applicable in situations where there are outlying observa-
tions, leading to robust model selection criteria; other extensions can deal with
missing observations.

Alternative related approaches to model selection that do not take the form
of an information criterion are bootstrap (see, e.g., Zucchini, 2000) and cross-

validation. For the latter the idea is to partition the sample in two parts:
the calibration set, that is used to fit the model, and the validation sample,
that is used to assess the fit of the model, or the accuracy of its predictions.
The popular ‘leave-one-out cross-validation’ uses only one observation in the
validation set, but each observation has a turn at comprising the validation set.
In a model selection context, we select the model that gives the best results
(smallest estimation or prediction error) averaged over the validation sets. As
this approach can be computationally demanding, suggestions have been made
to reduce the computational load. In ‘five-fold cross-validation’ the sample is
randomly split in five parts of about equal size. One of the five parts is used
as validation set and the other four parts as the calibration set. The process is
repeated until each of the five sets is used as validation set.

3 Bayesian approach

The Bayesian regards the models available for selection as candidate models
rather than approximating models; each of them has the potential of being the
true model. One begins by assigning to each of them a prior probability, P (M),
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that it is the true model and then, using Bayes’ theorem, computes the posterior
probability of it being so:

P (M |Data) =
P (Data |M)P (M)

P (Data )
.

The model with the highest posterior probability is selected. The computation
of P (Data |M) and P (Data ) can be very demanding and usually involves the
use of Markov chain Monte Carlo (MCMC) methods because, among other
things, one needs to ‘integrate out’ the distribution of the parameters of M (see
e.g. Wasserman, 2000).

Under certain assumptions and approximations (in particular the Laplace
approximation), and taking all candidate models as a priori equally likely to be
true, this leads to the Bayesian Information Criterion (BIC), also known as the
Schwarz criterion (Schwarz, 1978):

BIC(M) = 2 log(L(θ̂))− p log(n) ,

where n is the sample size and p the number of unknown parameters in the
model. Note that although the BIC is based on an entirely different approach
it differs from the AIC only in the penalty term.

The difference between the frequentist and Bayesian approaches can be sum-
marized as follows. The former addresses the question ‘Which model is best,
in the sense of least wrong?’ and the latter the question ‘Which model is most
likely to be true?’.

The Deviance Information Criterion (Spiegelhalter et al., 2002) is an alter-
native Bayesian method for model selection. While explicit formulae are often
difficult to obtain, its computation is simple for situations where MCMC simu-
lations are used to generate samples from a posterior distribution.

The principle of minimum description length (MDL) is also related to the
BIC. This method tries to measure the complexity of the models and selects the
model that is the least complex. The MDL tries to minimize the sum of the
description length of the model, plus the description length of the data when
fitted to the model. Miminizing the description length of the data corresponds
to maximizing the log likelihood of the model. The description length of the
model is not uniquely defined but, under certain assumptions, MDL reduces to
BIC, though this does not hold in general (Rissanen, 1996). Other versions of
MDL come closer to approximating the full Bayesian posterior P (M |Data). See
Grünwald (2007) for more details.

4 Selecting a selection criterion

Different selection criteria often lead to different selections. There is no clear-cut
answer to the question of which criterion should be used. Some practitioners
stick to a single criterion; others take account of the orderings indicated by two
or three different criteria (e.g. AIC and BIC) and then select the one that leads
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to the model which seems most plausible, interpretable or simply convenient in
the context of the application.

An alternative approach is to tailor the criterion to the particular objectives
of the study, i.e. to construct it in such a way that selection favours the model
that best estimates the quantity of interest. The Focussed Information Criterion
(FIC, Claeskens and Hjort, 2003) is designed to do this; it is based on the
premise that a good estimator has a small mean squared error (MSE). The FIC
is constructed as an estimator of the MSE of the estimator of the quantity of
interest. The model with the smallest value of the FIC is the best.

Issues such as consistency and efficiency can also play a role in the decision
regarding which criterion to use. An information criterion is called consistent

if it is able to select the true model from the candidate models, as the sample
size tends to infinity. In a weak version, this holds with probability tending
to one; for strong consistency, the selection of the true model is almost surely.
It is important to realize that the notion of consistency only makes sense in
situations where one can assume that the true model belongs to the set of
models available for selection. Thus will not be the case in situations in which
researchers “believe that the system they study is infinitely complicated, or
there is no way to measure all the important variables” (McQuarrie and Tsai,
1998). The BIC is a consistent criterion, as is the Hannan-Quinn criterion that
uses log log(n) instead of log(n) in the penalty term.

An information criterion is called efficient if the ratio of the expected mean
squared error (or expected prediction error) under the selected model and the
expected mean squared error (or expected prediction error) under its theoretical
minimizer converges to one in probability. For a study of the efficiency of a model
selection criterion, we do not need to make the assumption that the true model
is one of the models in the search list. The AIC, corrected AIC, and Mallows’s
Cp are examples of efficient criteria. It can be shown that the BIC and the
Hannan-Quinn criterion are not efficient. This is an observation that holds in
general: consistency and efficiency cannot occur together.

5 Model selection in high dimensional models

In some applications, e.g. in radiology and biomedical imaging, the number of
unknown parameters in the model is larger than the sample size, and so classical
model selection procedures (e.g. AIC, BIC) fail because the parameters cannot
be estimated using the method of maximum likelihood. For these so-called
high-dimensional models regularized or penalized methods have been suggested
in the literature. The popular Lasso estimator, introduced by Tibshirani (1996),
adds an l1 penalty for the coefficients in the estimation process. This has as a
particular advantage that it not only can shrink the coefficients towards zero,
but also sets some parameters equal to zero, which corresponds to variable
selection. Several extensions to the basic Lasso exist, and theoretical properties
include consistency under certain conditions. The Dantzig selector (Candes and
Tao, 2008) is another type of method for use with high-dimensional models.
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6 Post-model selection inference

Estimators that are obtained in a model that has been selected by means of a
model selection procedure, are referred to as estimators-post-selection or post-

model-selection estimators. Since the data are used to select the model, the
selected model that one works with, is random. This is the main cause of
inferences to be wrong when ignoring model selection and pretending that the
selected model had been given beforehand. For example, by ignoring the fact
that model selection has taken place, the estimated variance of an estimator
is likely to be too small, and confidence and prediction intervals are likely to
be too narrow. Literature on this topic includes Pötscher (1991), Hjort and
Claeskens (2003), Shen et al. (2004), Leeb and Pötscher (2005).

Model selection can be regarded as the special case of model averaging in
which the selected model takes on the weight one and all other models have
weight zero. However, regarding it as such does not solve the problem because
selection depends on the data, and so the weights in the estimator-post-selection
are random. This results in non-normal limiting distributions of estimators-
post-selection, and requires adjusted inference techniques to take the random-
ness of the model selection process into account. The problem of correct post-
model selection inference has yet to be solved.
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